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Abstract 

We prove an explicit formula for the spectral expansions in L^(I 
generated by selfadjoint differential operators 

3=0 



1 Statement of results 

It is well known [1], see also [2], that for every Hill operator 

H = -— + q{x), q{x) ^q{x + Tr), a; G M (1.1) 
with a real- valued potential function q{x) there exists a sequence of real numbers 

Mo = /V ^ fi^ < fi^ < fit < ... < fi^ < < ■■■ 
such that the spectrum of L in the space L^(R) has the form 



fc=0 



In 1950 Titchmarsch proved ([1], see also [2]) that every real- valued function 
/ G i^(R) may be represented in the form 

1 °° r 

(1.2) 



1 



where 9{x, ji) and (^{x, /i) are solutions of the equation {H — /iJ) = satisfying 
the initial conditions 0(0, /jI) = (j)'{0,n) = 1, 0'(O,/i) = (/'(0,/x) = 0, with p{ij,) = 
(4-(^(7r,M)+</''(7r,M)n-V2and 

gin) = / dx e{x,iJ,)f{x), h{ii) = / dx (/){x,iJ,)f{x). 



The expansion (1.2) determines explicitly the spectral matrix of operator H 

and, in particular, shows that the multiplicity of its spectrum equals 2. 
We consider arbitrary periodic self-adjoint differential operators 

^ = (-i)"^ + E^f^(^)rfij' Pj{x + ^)=Pj{x), ^eK, (1.3) 

j=o 

with real- valued functions Pj{x), j = 0, 1, n — 1, such that 

n— 1 -.71- 

P{L) = Y, / \pfix)\dx<oo. 



(1.4) 



Similar to Hill operators, the spectrum of every such operator in the complex 
space L'^{R) has the band structure, but in contrast to these operators its mul- 
tiplicity may vary inside one spectral band. Using a general resolvent method 
due to Kodaira and Spencer, Dunford and Scwartz (cf., [3], Chap. XIII) proved 
a formula for the spectral matrix of operator (1.3) on an interval of a constant 
multiplicity of the spectrum. 

Our aim is to obtain an expansion formula similar to (1.2) for operator (1.3), 
to derive from it an explicit formula for the spectral matrix of operator (1.3) 
and to prove that this matrix determines its coefficients uniquely. Our approach 
is based on a version of the Fourier transform proposed by Gel'fand [4] for a 
study of periodic differential operators. 

To state our main result, let {wfc(a;, /it)}^" i be the fundamental system of 
solutions of equation 

Ly-iiy = (1.5) 
normalized by the initial conditions 

ui'\0,n) = 5k-i,j, fc = l,...,2n; j = 0, 2n - 1, (1.6) 

and let 

uit^) = \\ut'\^,t^)\\i:j=i (1-7) 

be the monodromy matrix of L. The eigenvalues of U{fi) are solutions of the 
characteristic equation 

A(^,p)=0 (1.8) 

where A(^, p) — det([/(/i) — pT) and are called the Floquet multipliers of L. If 
{ui, W2ri}^ is an eigenvector corresponding to p, then the solution of (1.5) 
uniquely determined by the initial conditions 

y^^\0)=vj+u i = 0,...,2n-l. 
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has a "quasi-periodic" property 

y{x + kw) = p^y{x), a; G M, fc e Z, 

and is called a Floquet solution of (1.5). 

The following proposition is well known in the theory of ordinary differential 

operators with periodic coefficients, cf. [3]. 

Theorem 1.1. The spectrum a {L) of an operator (1.3) is absolutely continuous 
and coincides with the set of all those fi for which there exists a solution p of 
(1.8) with \p\ = 1. 



Let us define the functions 

ui{x,iJ,) 

Uli-K^p) - P 



E{x;ii,p) = 



,0-1) 



u 



(2n-2) 



(7r,M) 
(7r,M) 



Uj{x,y) 



(tt, m) - P 



u 



(2n-2) 



(7r,/x) 



U2nix,^J,) 
W2n(7r,/i) 



,,0-1) 



(7r,M) 



(2n-2) 
2n 



(tt,/^) 



(1.9) 



and 



p(M,p) = |27r £;(0;m,P-')A;(m,p)|-^ 



(1.10) 



We will see later on that with a proper choice of t and fi the functions 
E{x] ^i,e^^) arc the Floquet solutions participating in the spectral expansion 
associated with L. As to the function (1.10), it supplies the normalizing factors 
in such expansion. 



Theorem 1.2. If uJk, k = 1, ...,2n, are all values of ^\/{—iy^ then for every 
k = l,...,2n there exists a solution Pkip) of (1.8), continuous on the real line 
and satisfying the asymptotic relation 



\pk{lA\ = e 



ReojfcATT 



(1 + 0(1)), M = A'", A ^+00. 



(1.11) 



Moreover, solutions pk{p) are pair-wise distinct and analytic at points of M, 
except maybe points of a discrete set grouped in pairs asymptotically close to the 
set 



In 

= y iV„ = {(-l)^m2"(Ima;,)-2"}-=i 
j=i 

where some of them coincide and their analyticity may fail. 
If we set 

ak{L) = {hgR: \pk{t^)\ = 1}, k = 1, ...2n, 



(1.12) 



(1.13) 



then we obtain 



2n 



a{L) = [j ak{L). 
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Denote by Ti-'ini^) the Hilbert space of complex 2n- vector functions $ = 
{0fe(A*)}fc=i on the sets {o'/c(-L)}fc=i with the scalar product 

= ^ / d/i Xfc(M) m(m)) <?^fe(M) V'fe(M) 

'==V(L) 

where X/s(/i) is the indicator function of the set <Jk{L). 
For the simplest operator 

we have pk{l^) ~ exp(a;fe/i^/^"7r) and the sets crk{L) are reduced to the point 
for all fe's with ujk =/= ±i. Therefore a situation where some intervals ak{L) 
degenerate to a point cannot be ruled out. As a result, some functions (/)/s(/i) 
may be trivial for aU $ G l-L\j^{L). 

Theorem 1.3. The relations 

^t,,Pk{fiy,f) = J dyf{y)E{y;f,,{pk{fi)r'), k = l,...,2n, (1.15) 

and 

r. In 

f{x)= / dp^Xkilj) p{p,Pk{lA)<Pk{p) E{x;ii,pk{lj)) (1.16) 



define one-to-one mapping of L'^{M) onto H2„(i) and its inverse conjugating 
operator L on the former space with the scalar operator p,! on the latter space. 

The integrals (1.15) and (1.16) converge in the norms of the corresponding 
spaces and for every function f G L"^ (M) the Parseval identity 

J dx\f{x)f= J di,J2 Xk{M)p{f^,Pk{p))mf^,Pk{p);f)\^ (1.17) 



holds. 



It is easy to see that in the case of Hill operators Theorem 1.3 states that 
for every function / € L^(IR) the representation 

f{x) = ^ f dp^tl^{Y+{x,p)F.if,;f)+Y.{x,p,)F+i„;f)} 
47r J x/l-M+ u)2 



is valid where 



Y±{x,p) = 9[x,p) (l){x,fi) 

0(7r, p.) 
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are the Floquet solutions, 

F±{fi;f)= J dy f{y)Y±{y,^), 

M 

and 

6'(7r,/x) ±0'(7r,/z) 
w±(W = ^ • 

This is a complex version of expansion (1.2) obtained first in [11] and later in 
[12]. 

2 Solutions Pk{lj) and Riemann surface 71{L) 

Let us start from the proof of Theorem 1.2. Following [5] we enumarate the 

numbers uj^ = ^^(— 1)" in such an order that 

1 = Wi > Rea;2 = Rews > ... > Rea;2;s = Rea;2fc+i > ••• > ^2n = -!> i\ 

Imwsfc > 0, ^^-^^ 

if n is even, and 

Rewi = Rea;2 > •■■ > Rew2fe+i = Rea;2/c > •■■ > Rea;2n-i = Rew2n, 9^, 

Ima;2fc < 0, ^^■^> 

if n is odd. With such enumeration we have a;„ = i both for odd and even 

values of n. In what follows we restrict ourselves to the case n = 2p,p G N. The 
alternative case differs from it by non-essential technical details. 
Let 

r(r) = {A : A = 2 - e"''^/^", jzj > r, < argz < 0}. 

According to [5] there exists a fundamental matrix Y{x,^) of solutions to (1.5) 
representable in the form 

Y{x,n) = D{X)n{x,X)E{Xx), M = A^", a:e[0,7r], A e T(r), (2.3) 

with matrices 

D{X) = ||A^-M,-,||f,^„ E{x) = ||e-'=-^,fe||f,^,, 



n{x,X) = Q + x-'^ni{x,x), n 



J-1 ||2n 
k \\j,k=l' 



where 

sup ||fii(a;, A)|| < 00. 

xe[0,Tv], AeT(r) 

Since U{-k,ii) = Y{x, y)Y{Q, ix)~^ , we can represent (1.8) in the form 

det((/ + o(l))£;(7rA) - pi) = 0. (2.4) 
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To investigate the latter equation we define the entire functions 

/fe(A) = 1 - £('^'=+1-'^'=)^'^, k = l, 2n - 1, 

and denote by Zk their zero sets. For every S > we denote by Uk{S) the S- 
neighborhood of Zk. If 



Tk{r,6)={ 



T(r)\[/i(5), k = l, 

T{r)\{Uk{d)\jUk-im, l<fc<2n-l, 
T(r)\C/2„-i((5), k = 2n, 



(2.5) 



then 

C-^S < \fkiX)\ <C6, A e dUki5)r\Tk{r,S), 

C''S<\fk{X)\<C, XeTk{r,5). 

with a constant C > 1 not depending on 6. In what follows we fix 6 such that 
CS < 10-1. 

First, we the substitute p = ae'^^^'^ in (2.4), divide the resulting equation 
by p = e^"'^!'*''^ and obtain the equivalent equation 

a2«-2(a - l)(a - 1 - /2(A)) = gi(a. A), (2.6) 

where Qi(cr, A) is a polynomial in a with coefRcients analytic in Ti(r, 5) and 
vanishing as |A| — > +00. For sufficiently small e > we find large r such that 
the function 

|Qi(a,A)a-(2"-2)(^_l_/2(A))-i|<i, AGTi(r,5), |a-l|<e, 

and using the Rouchet Theorem conclude that there exists the unique solution 
0-i(A) of (2.6) analytic in T\{r,S) and such that |(Ti(A) — 1| < e. Since (r, 00) G 
Ti(r, ^), Equation (2.6) implies that 

pi(M) = e'^^^Vi(A), /i = A2", AeTi(r,5), 

is a solution of (1.8) satisfying (1.11) with A; = 1. 

In the same way the substitution p = ue^'^^^'" leads us to the equation 

(a-l)(<7-l-a/2„-i(A)) = g2„(a,A), AeT2„(r,5), (2.7) 

with its unique solution cr2n(A) analytic in T2„(r, 5) and such that 

P2n(/x) = e'^="^'^a2„(A), M = A'", A e T2„(r, 5), 

is a solution of (2.4) satisfying (1.11) with k = 2n. 

If now 1 < k = 2p < 2n and p = ae'^''^'^ then Equation (2.4) takes on the 
form 

a'"-'-'((7-l-a/fc_i(A))(a-l)(a-l+/fc(A)) = Qfc(a, A), A e Tk{r,6), (2.8) 
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where Q/c((T, A) is a polynomial in a with coefficients analytic in Tk{r,S) and 
vanishing as |A| +00. As before we find that Equation (2.8) has the unique 
solution CTfe(A) analytic in Tk{r,d) and satisfying the relation 

lim crfe(A) = f (2.9) 

\eTkir,S);\X\^oo 

but now, contrary to the case k = 1 and k = 2n, the set Tk{r, 6) does not contain 
a part of the ray (r, +00) belonging to the set Uk{S). 

To define crfe(A) inside the exceptional set Uk{S) we assume, to be definite, 
that a e A4 n^('')> define Da = {X : \X — a\ < 6} and represent (2.8) in the 
form 

(a-l)(<7-l + /fe(A)) =gfc(a,A), A G (2.10) 

where 

QkiT, A) = Qkia, A)a-2"+'=+i (a - 1 - afk-i{X))-'. 
If necessary we increase r to satisfy the estimate 

kfc(a,A)| < 2(7(52, \a-l\<C^, XgD„, 

where C is the constant from (2.5). According to the Rouchet Theorem for every 
A € Da there exist two solutions of (2.10) satisfying |(t — 1| < 2C5. If these 
solutions coincide at some point A £ Da then /|(A) — 4qk{a', A). Once again we 
use the Rouchet Theorem and find that there are at most two such points A. 
The analyticity of ^^(ct, A) in the domain {(cr, A) : Ic — 1| < 2C5, A G D^} implies 
that there exists two- valued analytic solution crfc(A) of (2.10) in D^ satisfying 
the estimate 

l^fc(A) - 1| < 2C6, X e D^. (2.11) 

The function (Tfc(A), A S Tk{r,5), is a single-valued solution of Eq.(2.8) which 
is equivalent to Eq.(2.10) in Da and because of (2.9) it coincides with a branch 
of a-fc(A). In other words, (Jk{X) is extended as a two- valued analytic function 
inside Da with at most two ramification points. 

Furthermore, with the same value of even fc = 2p we substitute p = ae^''+^^'^ 
in (2.4) and obtain an equation of the same type as (2.8). As before we prove 
that there exists its unique solution (Jk+i (A) analytic in Tk+i (r, 5) and satisfying 

lim afc+i(A) = l. (2.12) 

AeTfc+i(n5);|AHoo 

Similar to crfe(A) its two- valued analytic extension crfc+i(A) inside exceptional 
discs Da satisfies condition 

\ak+i{X)-l\<2C5, XeDa- (2.13) 

Let us now consider two-valued solutions 

Pfc(M) = afc(A)e'^'=^", pfe+i(M)=afc+i(A)e'^'=+i^", /x = A^", A e 
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of (1.16). The coefficients of Equation (1.8) are real on the real line and therefore 
the function 

plifi) = pk{-p), /i = A2", X&dDon 
is its solution as well. Since Wfe = u)k+i, we have 

Pfe(M)=^fe(A)e-'=+^^- = Pfe+i(/z), m = A2", X&dDo.. (2.14) 

On the other hand, 

pm = 6k{X)e^^''\ ^fe(A)=a^(A)e('^'=+^-'^'=)^^ M = A^", X&dD^, 

and the estimate 

l^fc(A) - 1| < |afc(A)/fe(A)| + |afe(A) - 1| < 2C5, X e 9£>«, 

shows that p%{ij) is a single- valued analytic solution of (2.10) in dD^- If Pk{p) = 
p%{p) for p, = A^",A e dDa then |/fc(A)| = o(l) which is impossible for large 
A. Therefore for p = A^", A G dD^, the functions Pfe(/x) and p^p) are different 
branches of the two- valued function Pk{p)- 

To estimate the latter functions inside we set 

and 

Sfc(A) = pfc(A2")p*(A2")e~2A.^^^"^ A e A.. 

According to their definition both functions arc single- valued and analytic inside 
Da and, as it follows from (2.9), (2.12) and (2.14), satisfy conditions 

Afe(A) = cos(A7rIma;fe) -Fo(l), Bk{X) = I + o{l) , X € dDa- 

According to the Maximum Principle the same representations are valid in the 
domain It means that pft(/x)e~'^'^^®'^'= a.nd pk+i{p)e~^'^^^'^''+^ are solutions 
of the equation — 2(cos(A7rIma;fc) -I- o{l))w -|- 1 -|- o(l) = 0, AG Da, and 
therefore pk{p) = e"'=^'^(l + o{l)), pk+i{p) = e'^'=+i^'^(l + o(l)), A G D^- To 
complete the proof of Theorem 1.2 we fix a point p = A^" with A G Tk{r,d), a 
system pk{p) = e'^^^'^ ak{X), k = 1, 2n, of solutions of (1.8) and extend all of 
them to K as single-valued continuous functions, pair-wise distinct outside the 
discriminant set 

Z{L) = {p:A{p,p) = A'^{p,p) = 0}. 

The latter is a zero set of the resultant R[A, , see [6]. Since there exist points 
p at which Equation (1.8) has 2n distinct roots, the resultant is a non-trivial 
function and the set Z(L) has no finite accumulation points. As a result, the 
extended solutions are analytic outside Z{L) and, according to the above esti- 
mates of Pk{p) and p%{p), satisfy (1.11), which completes the proof of Theorem 
1.2. 
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The entries of the monodroniy matrix are entire functions of order l/2n, and 
Equation (1.8) defines the 2n-sheeted Riemann surface 



7e(L) = {(M,p): A(m,p) = 0} 
with the analytic function on it. 

Lemma 2.1. The Riemann surface TZ{L) is simply- connected. 

Proof. Let {/>fc(M)}fc"i be the system of unique solutions of (1.8) obtained 
in the proof of Theorem 1.2. As we have seen, these solutions are single- valued 
and analytic in the domains 

Hfc (r, ^) = {^l■.^l = A^", A e Tk{r, S)} f|{/i : Im/. < 0}, 

and satisiy the asymptotic relations 

Pfc(M) =e'^'=^"(l + o(l)), m = A2", |A|^oo, XGTk{r,S). 

We will use their analytic extensions to describe the surface TZ{L). 
First, we set 

IL+{r,S) = {,,:i^ = z, zGll^{r,6)} 

and note that the function {p,) = pk (jl) are single- valued and analytic solutions 
of (1.8) in the domain 11^ (r, (5). 
Furthermore, let 

c+ = an-(r, (5) f|{/z G R : /X > 0}, = an^(r, 5) fji/^ e M : /z < 0}. 

Since the number loi is real, the solutions pi{p) and p\{p) have the same asymp- 
totic behavior in c]^ and hence they coincide in c'^[ . By the same reason the 
solutions P2n{l^) and P2n(M) coincide in C2n- 

For k = 2p, p = l,...,n — 1, the function /9fe(/u) coincides with p^^iin) 
on the set = c^_^^ and with /9^_;^(/x) on the set = c^_i, while pk+i{n) 
coincides with pj^(/x) on the set c'^_^_-^ and with /0^_|_2(a*) on the set c^_^_-^ = c^^2- 
If we glue together the pairs of the corresponding sets belonging to 11^ (r, 5) 
and n^(r, (5), then we obtain a Riemann surface TZ{r,5) with the single- valued 
analytic function p(/x) on it. The surface TZ{r, S) is the same for all operators of 
the form (1.3) and may be obtained from the surface IZq = {{p., X) : p = A^"} 
corresponding to the simplest operator (1.14) after removing from it the disc 
{p, : \p\ < r} and small neighborhoods of points projecting into the set Z from 
(1.12). It is evident that the surface TZq is simply-connected. The surface TZ{L) 
results from the analytic extension of all functions Pfe(/u) inside all exceptional 
sets. 

To prove Lemma 2.1 let us assume that {po,p{^^■o)) is an arbitrary non- 
ramified point of TZ{L) and (fo,/o(:^o)) is a point of the surface TZ{r,5). Denote 
by / a simple smooth curve in the complex plain connecting po with vq and 
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not containing points of the discriminant set Z{L). According to the Mon- 
odromy Theorem [7] there exists the unique analytic continuation of from 
a neighborhood of /xq along I. The regular element of this continuation at a 
neighborhood of vq is a locally single- valued analytic solution of (1.8) and since 
the system {/0;c(At)}fc=i contains all local solutions analytic at uq, this element 
coincides with some function Pk{^i)■ It means that the lifting of I to the surface 
TZ{L) connects the points (/io,p(Mo)) and (j^o, Pfe(^'o)) which proves the lemma. 

We can give now a geometric description of the surface TZ{L). To this aim 
denote by IZk a copy of the complex plane cut along the following sets: 

1. A simple smooth curve inside the disc {/i : < r} containing the point 
jji = —r and all points of the discriminant set Z[L) lying inside it; 

2. The ray {n : H < — r}; 

3. All real segments [a, (3] where a and /? are neighboring ramification points 
of pk {fi) with Re /Lt > r; 

4. All segments [a, a] where a is a ramification point of either /0^_j(/i) with 
Re fj, < — r if k is even or p*j,^^{^) with Re p < — r if k is odd. 

The function pk{p) is extended from n^(r, d) to TZk as a single- valued ana- 
lytic solution of (1.8) and by glueing the sheets TZj,j = 1, ...,2n, according to 
boundary values of functions pj{p) we obtain the surface TZ{L)} with a single 
valued analytic function p{p) on it. 

Corollary. The transformation J{p,p{p.)) = {p,{p{p))~^) is an analytic 
involution in TZ{L). 

Indeed, if we have \pn{p)\ = 1 with a sufficiently large real p then {pn{p))~^ = 
Pn{p) = Pn+i{p)- It means that {p{p))~^ is a solution of (1.8). Since p{p) is 
an analytic function in a simply-connected Riemann surface TZ{L), the function 
{p{p))~^ is extended as a solution to entire surface and {p, {p{p))~^) is its point, 
which proves Corrolary. 

To conclude the present section, we note that the characteristic polynomial 
of operator L is of the form 

2n-l 

A(^,p) = p2"+ ^ Afe(/x)/ + l 
fe=i 

where A]^{p) are entire functions. It follows from Corollary that A].{p) = 
A2n-k{p) for A; = l,...,2n— 1. A statement of such a type for canonical Hamil- 
tonian systems is known as the Lyapunov-Poincare Theorem, cf., [13, 14]. 

3 Band structure of the spectrum of operator L 

To describe the band structure of the spectrum (j{L) let us introduce the set 
£{L) = {/X e M : there exists p G C, \p\ = 1, such that A(/x, p) = A'p{p, p) =0}. 
If 

£k{L) = {/X e a{L) : A{p, pk{p)) = A'^ip, Pk{p)) = 0} (3.1) 
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then 

2n 

£{L) = U £,{L). 

fe=i 

The set £{L) is a part of the discriminant set Z{L) and hence it is countable 
with the unique accumulation point at +00. 

Lemma 3.1. If pk{no) = e'*° for some real hq ^ £k{L), to e [0,7r] and some 

integer k,l < k < 2n, then there exist the m,aximal closed interval S C [0,7r] 
containing to and the continuous monotonic function ii{t) in S such that 

( i) The relations 

A{fi{t),e'*) = 0, t€ S; ii{to) = Ho; l^'{t) y^O, te int S, (3.2) 
are valid; 

(ii) The function ii{t) maps S one-to-one onto the compact interval I C 
0-fe(L) with end-points in the set £k{L). 

Proof. Since /xq ^ £k{L), the surface TZ{L) is not ramified at the point 
(a*0) PfeCMo)) and Pkip) is a single-valued branch of p{ji) analytic in a small 
complex neighborhood Vq = {/x : |/x — /U,o| < e} C TLk of pq. Its Taylor expansion 
at /io has the form 

00 

Pfe(M) = e"° +Cfc(/i-/ioF+ X] Cfe„(M-Mo)'", Cfe^O, p>l. (3.3) 

m— p+l 

If here p > 2, then the pre- image with respect to Pk{lA of a small neighbor- 
hood of the point e'*° on the unit circle Uq = {z : \z\ = 1} contains non-real 
points. According to Theorem 1.1 such points belong to the spectrum <y{L) 
which is impossible, since i is a selfadjoint operator. Therefore p = 1 in (3.3), 
Pfe(A*o) = Ck and the function pfc(/Lt) maps Vq one-to-one onto a small com- 
plex neighborhood ©0 of the point e**" <E Uq.^ 

According to Theorem 1.1 the pre-image of the arc Qq fl Uq consists of the 
points belonging to the spectrum a{L) and hence coincides with the interval 
Wq = Vq DR, fio being its inner point. The function 

P*k{f^)= PkCP), /ueFo, (3.4) 

is a single-valued branch of p{p) in Vq different from pk{p) and if pkil-io) = ±1 
then Pk{po) = Pfe(Mo) contradicting the assumption po ^ £k{L)- Therefore 
to^{0,7r,27r}. 

Denote by £ the largest closed interval in (Jk{L) which contains /kq, but 
does not contain points of the set £k{L) in its interior and by p~ and p~^ 
the end-points of £. The function pk{p) maps 1?^°^ into the unit circle Uq. As 
before, we use the self-adjointness arguments and find p'^.{p) ^ 0, p G 
Therefore for every p G i'^"^ there exists t € [0, 2n) such that p{p) = e'* and 

^ These arguments are similar to those used in [3], Ch.XIII. 
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the local correspondence t = is one-to-one and analytic at points of 
The function defined by (3.4) is a single-valued solution of (1.8) analytic 

in some neighborhood of and hence it coincides with a single- valued branch 
Pq(/i) of p{p). Since /Ofe(/i) 7^ Pfc(/^) in a neighborhood of /io, wc have q ^ k. 

Let now a point /io starts moving monotonically in M towards one of end- 
points of L Then the corresponding point t = t{n) moves monotonically in M 
and simultaneously the points Pk{p) and Pq{jJ,) move in the opposite directions 
on the unit circle towards each other. These points may meet for the first 
time only if pfc(/i) = e'* = e~'* = PqifJ,), i.e., if either t = ov t = w. For /U 
corresponding to the meeting point we have Pkil-J') = Pq{lA = il which means 
that {12, pk{n)) = {jj,, Pq{fi)) is a ramification point of TZ{L). Therefore /( is a 
point of the set £k {L) and since f is the maximal open interval containing the 
point /io and no points of £k{L), we find that p~ G £k{L) and /t"*" G £k{L). 

The same claim is true if the points Pfe(/t) = e** and Pg(/i) = e~** do not 
meet at all. Indeed, in this situation t G (0, tt) and because the monotonicity of 
the function t{ii) there exist the limits 

t± = lim t{iJ.) G (0,7r). 

If either /(~ or /t"*" does not belong to the set £k{L), we replace /to and to in the 
assumptions of the lemma by either /t~ and t- or /i+ and t+, respectively, and 
use the above arguments to find that the interval £ fails its maximal property. 
The contradiction proves that the end-points oil belong to £k(L). Differentiat- 
ing the identity pk{lJi{t)) = e'* we obtain /t'(t) ^ for t G int S where S is the 
segment with end-points i_ and completing the proof of the lemma. 
The following statement is a detailed version of of Theorem 1.1. 

Theorem 3.1. For every fixed integer k = 1, ...,2n there exist a system of non- 
overlapping compact intervals C ak{L),j — l,...,N{k), with end-points in 

the set £k{L), the system of closed intervals S^^\j = 1, N{k), each contained 
in either [0, tt] or [tt, 27r] and the system of continuous monotonic functions 
Hjkit), t G Sj''\ j = 1, ...,N{k), such that 
( i) The relations 

A{iijkit),pkMt)))=0, pkiiijkit)) = e'\ iG5f\ (3.5) 
ti'jk{t)j^O, t&intSf\ 

are valid; 

( a) The functions p^jkit) niap S'j'^' one-to-one onto ij'^^; 
(Hi) The representation 

N{k) 

ak{L) = U if 

holds; 
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( iv) The spectrum (t{L) of operator (1.3) has the form 



(71 



w = U U 4' 

fe=i \ i=i 




Proof. Let /Uq be a non-isolated point in the set (Jk{L). If PkilJ-o) = e**", 
to € [0,7r] and /zq ^ ^fe(-^) , then according to Lemma 3.1 there exist the closed 
intervals £ G (7k{L) and S e [0,7r] and the function fj,{t) with properties stated 
in [i) and (ii). 

If Pk{^J'o) = e'*", to € [tt, 27r] and po ^ ^fcCi) we apply Lemma 3.1 to the 
function pK^o) defined by (3.4) and to tj^ = 27r — to G [0, tt] in the capacity 
of Pk{po) and to € [0,7r] and, in addition to the interval £, find the interval 
S* e [0,7r] and the function p*{t) with properties stated in Lemma 3.1. Now 
the intervals £ and 5 = {t G [tt, 27r] : t = 2tt — t* , t* G S*} and the function 
p{t) = p*{2iT — t) possess properties (i) and {ii). 

If as before /zo is a non- isolated point in the set <Tk{L) but p,Q G £k{L), then 
wc fix an interval Vq = {/i G R : |/i — /io| < e} without points of the set £k{L) 
distinct from po. We choose an arbitrary point v € Vq D ak{L),v ^ p^, and 
again using Lemma 3.1 find the interval t containing u, the interval S and the 
function p{t) with properties («) and {ii). The end-points of i must be located 
in the set £k{L) and hence po is one of them. 

The remaining opportunity for po is to be an isolated point in ak{L). If 
such a point docs not belong to £k{L), then pk{p) is a single- valued analytic 
function in a complex neighborhood of pQ. As shown in the proof of Lemma 
3.1, it maps one-to-one a small interval {/z G M : \p — po\ < e} onto a small arc 
of the unit circle Uq centered at pk{po), and po cannot be a non-isolated point 
in (Jk{L)- Therefore po G £k{L) and if Pk{po) = the conditions (i) and (ii) 
are satisfied with £ = {po}, S = {to} and p{t) = po completing the proof of 
Theorem 3.1. 

The previous analysis shows that the set (Jk{L) is formed by a system of 
compact intervals with end-points in the set £k{L). We denote these intervals 
by £j''\j = 1, N{k), according to the ordering of their end-points on the real 

axis and by 5^*^^ and pjk (t) the corresponding intervals in [0, 27r] and functions 

defined on them, respectively. 

Remark 3.2. Every point of the set £{L) belongs to the spectrum cr(L) and 
is not isolated in it. Therefore such a point belongs to some non-trivial interval 

(k) 

£j ' and according to Theorem 3.1 must be its end-point. 

4 Operators 

For every t G [0, 2n] wc denote by Lt the selfadjoint operator in the space 
L^([0,7r]) generated by the expression 1.3 and boundary conditions 



y 




e'*y(^)(0) 



< j < 2n - 1, 



(4.1) 
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The spectrum <j{Li) of Li in the space £^[0, tt] coincides with the set of all /i's 
satisfying Equation (1.8) with p = e** and Theorem 1.1 states 

a{L)= U ct{L,). 

te[0,27r] 

In this section we show that the spectrum a[Lt) is simple for all t G [0, 2n] except 
maybe finitely many points and describe eigen-functions for non-exceptional 
values of t. 

Lemma 4.1. 7/A(/io,e'*) = and E{x;n,p) is defined by (1.9), then 

||£;(.;/xo,e**)|li.([o,.]) = e-''A'^{po,e'') i?(0; /xo, e"^*). (4.2) 

Proof. For every fj, £ C the definition (1.9) of E{x;p,p) yields relations 

E^^') (tt; e") - e"i?(^) (0; /x, e") =0, j = 0, 2n - 2, 

£;(2"-i)(7r;/i,e'*) -e'*£;(^"-^HO;M,e'*) = -A(/i,e'*). 
Using the Lagrange formula we find 

ill - Mo)(S(.; /z, e'% E{- /.o, e^*)) = (-l)"+'e-^*A(M, e^*)S(0; /xo, e"'*) 
and (4.2) follows as /i ^ /Uq- 
Lemma 4.2. T/ie set 

T(L) = {i e [0, 27r] : A;(/io, e'*)E{Q- /xq, e"'*) = for some /xq e (7(Lt)} 
is finite and contains the points 0, tt, 27r. 

Proof. It is evident that the set T is the union of (maybe intersecting) sets 
Ti{L) = {t& [0, 2tt] : there exists no e (j{Lt) such that A^(/io, e"") = 0} 
and 

7^(L) = {t e [0, 27r] : there exists /xq G cr{Lt) such that £'(0; /Uq, e'*) = 0}. 

If Ho € (T{Ltg) then there exist the intervals ' and 5] and the function 

Hjkit), t £ sj'^-' with properties described in Theorem 3.1 such that /iq G 

(Tfe(L), /5fe(A*o) = e**«, to e 5'j''\ If ^0 £ ^i{L) then /zq G ffe(L) and /io is 

an end-point of £j implying that to is an end-point of Sj . Let us show that 
the set of all t's which are the end-points of intervals 

j = l,...,N{k); k = l,...,2n, (4.3) 

is finite. 
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For every R > the number of intervals £j cither partly or eompletely 
located in the disc {/U : < R} is finite and therefore the same is the number 
of intervals S^'^^ with the corresponding indices k and j. 

It follows from the asymptotic representation (1.11) that there are only two 
values of k for which N{k) = oo, and they are n and n + 1. We choose R 
large enough for end-points aj"' and of intervals f^"'' lying in the domain 
{a* • ImI ^ to be close to the set {m'^"'}meK- In addition, we can assume 
that ramification points (/i,/9„(/x)) of the surface 'R.{L) with > R are close 
to (4"\p„(4"))) and ,p„(/3f )). 

Let £j^^ and be two adjacent intervals from the set cr„(L)n{/z : ix> R}. 
If 7j = (j + 1/2)^" then it follows from (1.11) that one of the numbers Pn{'yj+i) 
and Pn{"/j) is contained in the half-plane {/i : Im/i > 0} and another in {/i : 
Im/i < 0}. By virtue of Lemma 3.1 one of intervals S'j"^ and S'j^^ belongs to 
the segment [0,7r] and another to [tt, 27r]. 

Suppose that the gap Q:j"\] collapses to a point. If fj, approaches this 
point then the continuity of pnip) yields 

lim pnin) = lim Pnin)- 

Both numbers here are of the form e**, one with t G [0,7r] and another with 
t G [tt, 2it\, and we conclude that either i = 0, or t = tt or t = 2it. 

If the points (3^^ and a^"\ are distinct, then they are separated by a non- 
degenerate open gap not containing points from the set an{L). In such a case the 

surface TZ^L) is ramified at both points (q:^-^\, Pn(Q:j+i)) and (/3j"\pn (/?]"'')): 
otherwise p„(/x) is a single- valued analytic function in a small neighborhood 
of each such point, representation (3.3) is valid with p = 1 and with either 
= or /io = Pj^"^ and hence the gap {l3j"'\ a^"\) contains points of (t„(L) 

leading us to a contradiction. According to the choice of the number R there 
are only two branches of p{p,) in small neighborhoods of points (Q!^"\, Pn(Q!j"^)) 
and (/?]" \p„(/3]" ^)), and these are p„(/u) and p* (/u) = p„+i(/i). Since 

lim pn{fj.) = lim p;(/i), lini p„(/i) = lini p;(/i), 

/i^/Jf'-O tJ.^I3p-0 ^i.^a)l\+0 n^a^l\+0 

Imp„(p)Imp* (p.) < and all four numbers here are of the form e''' they are 
either —1 or 1 and we again find that either t = or t = n or t = 2tt. Thus the 
set Ti{L) is finite. 

Let us prove now that the function £^(0; p, p{p)) does not vanish identically 
on the surface TZ{L). First we note that this function is one of (2n)^ minors of 
the matrix U{p) — p{p)I and hence it is an entry of the matrix 

- Yim /\{p,z){U{p)-zI)-\ (4.4) 

2->p(/i) 



15 



If is a simple root of Equation (1.8) then the previous expression is equal 
to 

A;,(m, res{{U{iJi) - zl)-'; z = p{f,)}. (4.5) 
Let (5 > be fixed and let 

5„(r,<5) = {^i■.^i = A2",A G T^{r,6)}f]{fi : Im^i > -1} 

where T„(r, 5) is defined in Section 2. Then relations (2.9) are fulfilled and the 
estimates 



>d, Ukj^ i, 



arc valid with a constant d > not depending on A. Therefore for every A G 
Tn{r,6) and every z satisfying \z — e'"'^^\ = d/A we have 



\z — e 



— \z — e 



TTZX I 



> 3d/4, Wfe 7^ i. 



As a result 



\\{E{nX)-zI)-'\\<C, XGTn{r,S), \z - e 



TTlAl 



d/4, 



with a constant C not depending on either fj, ov z. 

To calculate the residue in (4.5) we again use (2.9). Under the same restric- 
tions on fj. and z as in the latter relation we have 

{U{fi) - zl)-^ = D{X){n + o{l)){E{7rX) - z{I + o(l))(0-i + o{l)){D{X))-^ 

with /X = A^", A G T„(r, d) and 

\\{E{nX) - z{I + oimr'W = WiEinX) - zl)-\l + o{l))\\ < C. 

If the number r is sufficiently large wc have the estimates 



|p„(/i) -e"'^| <d/A, |p„+i(/z)-e 

Therefore for the same /i's we obtain 

1 



|Pfc(/") - e 



■KiX I 



> < 



_g7rRe(a;jiA) _ |g 



TriA I 



„7riA I 



p7rRe(a)jiA) 



<d/4, /x = A2", X&Tn{r,5). 

>d, l<k<n-l, 
> 5, n + 2<fc<2n, 



I d-|p„+i(M)-e-"*^| 



> 



3d 



n+ 1, 



z — e 



and hence the eigenvalue PnilJ-) is inside the circle C(/i, d) = {z G 
rf/4, /X = A^"}, while all other eigenvalues Pfe(^) are outside it. Since 

(i?(^A)-z(/ + o(l)))-i 

= (£;(7rA) - zl)-^ + {E{ttX) - z{I + o{l)))-^o{l){E{nX) - zI)-\ 



TTlX I 
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we obtain 

res{([/(/i) - zTy^;z = p„(^)} 
dz {U{ii) - zl)-^ = D{X){nPn-^ + o(l))(£»(A))-^ 

where P = \\SpnSjn\\f'p=i- Thus 

E{o■^l,pn{^^)) = ^i^A'p{^i,Pni^i))ic+oil)), /i = A2", a e r„(r,,5), (4.6) 

with a constant C ^ and we conclude that E{0; ji, p{p)) is a non-trivial analytic 
function on the surface TZ{L). Lemma 2.1 implies that zeros of this function 
may accumulate only at the point in infinity, and for every r > there exist 
finitely many solutions of the equation E{Q; p,, p{p)) = with < r. Since 
is not more than 2n-valued function, for every such solution ji there exists 
not more than 2n values t G (0, 2tt) satisfying = e'*. 

Furthermore, it follows from (4.6) that the function i?(0; /x, p„(^)) may van- 
ish for sufficiently large values of Re/it inside exceptional sets Dk = {n = 
A^" : |A - fc| < (5,fc G N} only. If E{0; pn{n)) = fov p e Dk (1 an{L) 
then E{0; p, pn+i{p)) = as well. In the case Pn{p) = e** ^ ±1 we have 
PnifJ') Pn+i{lJ) and both A'p{p,p„{p)) and A'p{p, pn+i{p)) do not vanish. 
Therefore we can differentiate (3.5) at the point p. The resulting identity 

A;(m, e'')p'j,{t) + ie^'A'^ip, e'*) = (4.7) 

shows that A'^{p, pn{p)) and A'^{p, pn+i{p)) also do not vanish. According 
to (4.2) the number p is at least a double root of both E{0; p, pn{p)) and 
£■(0; p, pn+i{pj)- As a result pis a, root of multiplicity at least 4 of the function 
E{0] p, pn{pj)E{0] p, pn+i{p)) which is single-valued and analytic inside D^. 
On the other hand, we have seen in the proof of Theorem 1.2 that for p G 
and p sufficiently close to ±1 the representation A{p, p) = {p^ — 2(cos(A7r) + 
o(l))/> -|- 1 + o(l))(/)(/Lt, p) holds where 0(/x, p) is a polynomial in p whose coeffi- 
cients, as well as all terms o(l), are single-valued analytic functions of /x G D^. 
Hence uj[p) = A'p{p, pn(p))A'p{p, pn+i(p)) = (-4{simrX)'^ + o{l))tp{p) is a non- 
vanishing single- valued analytic function of p G Dk- We conclude that Lu{p) 
has only two roots in Dk while the Rouche Theorem claims, according to (4.6), 
that there are at least 4 such roots. Therefore E{0; p, pn{p)) = is possible for 
pnip) = e'* = ±1 only, proving that the set T2{L) is finite. 

Theorem 4.1. If t G [0, 27r] \ T{L), then the spectrum <j{Lt) of the operator 
Lt is simple and every function f G iy^([0,7r]) is representable by the L^([0,7r])- 
convergent orthogonal series 

IT 

fix) = e'*) / ^(y-' 

A(A«,e")=0 i 

with the weight function 

w{p,p) = \ A'^{p,p)E{0;p,p-')\-\ (4.8) 
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Proof. For every /i G o'(it) there exists an integer fc, 1 < k < 2n, such that 
/X is a point of the set ak{L) defined by (1.13). We apply Theorem 3.1 and find 
an interval ij'^ containing fi, an interval Sj''^ C [0, 27r] containing t such that 
Pfe(/i) = e'* and a function iJ,jk{s) satisfying (3.5). li t ^ '^(-^) then ^ does not 
belong to the set £k{L) defined by (3.1). Therefore /i is an inner point of £j''\ t 
IS an inner point of S']''^ and (4.7) shows that A^^, e") ^ 0. Hence /i is a simple 
eigenvalue of if, see [5]. For t ^ T{L) we have £^(0; /x, e**) ^ 0, and it follows 
from Equation (4.2) that E{x; n, e**) is an eigenfunction corresponding to fi. 
Theorem 4.1 states a well-known property of selfadjoint operators in Hilbert 
spaces. 



5 Spectral expansions generated by L 

In the present section we prove Theorem 1.3. The main tool in the proof is a ver- 
sion of the Fourier transform proposed by Gel'fand [4] for a study of differential 
operators with periodic coefficients. 

Given a function / e L^(]R) we set, following [4], 

oo 

F{x,t) = {gf){x,t)= J2 e-''-*/(a; + 7rr), tG[0,2n], 

r— — oo 

and obtain a function F{x, t) e Li^iQ) where Q = {{x, t) : x G [0,Tr],t G [0, 2?:]}. 
The inverse transform is given by 

f{x + Trr) = -i- / dt e'''* F{x, t), r e Z, xG [0, tt]. 

277 J 


Since 

ll^lli^(Q) = ^JJ dxdt \F{x,t)\^ =1 dx |/(a;)p = \\f\\l,^^^, 

Q M 

the Gel'fand transform Q is an isomorphic linear mapping of i^(R) onto L'^{Q). 

For i G [0, 2n] and fc = 1, 2n we denote by Jk{i) the set of all integers 
j G N such that if^ n o-(Lt) ^ 0. 

Let = to < t\ < ... < tM-i < tM = 2n be all points of the exceptional set 

T{L) defined in Lemma 4.2 and let t G {tm, tm+i) for some integer m, < m < 
M — 1 . Then to every j G Jk (t) there corresponds the spectral band i'j^'^ , the 
interval 5'^'°'' C [0, 2tt] and the function iijk{t), t G S^^^^ with properties described 

in Theorem 4.1. The end-points rujk and of Mjk of S^'''' belong to the set T{L) 
and 

Mjk-l 

= U 
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Of course, nijk < m < Mjk and with s moving from tm to tm+i the point fJ-jkis) 
runs over the interval 

4m = = Hk{s), S e itm,tm+l)} C if^ 

with end-points satisfying either ^jk{tm) < IJ-jk{tm+i) if Mj/c(i) > or fijk{tm) > 

IJ'jk{tm+i) if Mjfe(^) < for f G 'S'j'^^- In any case, the set Jk{t) does not change 
with t varying in {tm,tm+i) and 



U 4m- (5-1) 

Given an arbitrary function F £ -^^([0, tt]) we set 

TT 



If here 

M = fj-jkit), p = pkiHkit)) = e**, t e (i™, Wi); F = Gf, / e l^(M), 

then 

and hence 

0(M,feW,e^*;F(.,f))= / E e-"^7(y + ^r)i?(2/;/x,fe(t),e-^*) 

r=-<x 

^ oo 

= dy f{y + TTr)E{y + Trr;iJ.jk{t),e-'*) 

'-=-°° 

(iz//(y)i;(y;/x,fe(0,e-*') 



= HHk{t), Pk{lJ.jk{t)); f) 

where ^{p., pkin); f) is defined by (1.15). 

To prove Theorem 1.3 assume that / is an arbitrary function from the space 
L^(R) with the Gel'fand transform F = Qf. According to the Fubini Theorem 
the function F{.,t) belongs to the space L^([0, tt]) for almost all t € [0, 27r], 
and for every such t ^ T{L) Theorem 4.1 permits us to represent it by the 
L^([0, 7r])-convergent orthogonal series 

2n 

F{x,t) = J2 J2 '^Mt),PkMt)y,F{.,t))E{x;fijk{t),PkMt))) (5.3) 
k=ijeJk{t) 
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with /) = w{^, p)^{^, p; f) and w{^,p) defined by (4.8). 

To prove that the series (5.3) converges in the space L'^{Q) let us introduce 
the partial sums 

2n 

Pq{x,t) = Y^ ■^iiJ.jkit), pk{l^jk{t)); F{.,t))E{x; i^jk{t), pk{lJ-jk{t^^^ 

fe=l ]&Jk(t). l<j<q 

and set Q{p, p; /) = w(/z, p)|(/>(/z, p; /)p. Because the orthogonality we have 

2n 

\\P<i{;t)\\hao,.])^T. E e{fijk{t),pkMt);F{.,t)). 

fc=l jeJk{t), l<j<q 

Since the set Jk{t) does not depend on t in {tm,tm+i), we can integrate the 
latter sum term by term in every such interval. After substituting fi = Pjk{t) 
into the j-th integrated summand we take into account (5.1) and obtain 

M-l 

ll^.lli^(Q) = ^ E / dt\\Fq{.,t)\\U[o,.]) 

m=l f 

"■m 

M-l 2n „ 

= EEE / 

m=l fe=l l<j<q 

JTTl 

EE / '^/"MM>Pfe(/"))l*(M>Pfe(M);/)l^ 

i 1 1 ^ „ J 



fe=l l<j<g 



According to the Bessel inequality applied to the series (5.3) we have ||fg|||2(Q) < 
= II/IIm implying 



2n N{k) 

EE / '^MP(M,Pfe(M))l*(M,Pfc(/");/)l^ < 00. 

'^^l •'=1 ,(»^) 



Since 



2n ^ 

ll^^«'-^9"lli=(Q) = E E / dppi^i,pkip))m^l,Pki^l)■J)\^ (5.4) 

the series (5.3) converges to F{x,t) in L^((5)-norm and we can apply to it the 
inverse Gel'fand transform term by term. The resulting identity 



2n Nik) 

fix) = E E / '^1^ Pkiij))^ (m, Pfe(M); /) E{x; n, pk{p)) 

^==1 '=1 »w 
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is Equation (1.16) with (?!)fe(/i) = ^{pL, pk{p); f)- 

Assume now that $ = {0fe(/z)}^^i G Hl„{L). Then for k = l,...,2n the 
sequences 

(pkiiJ') = WjkiiJ'), M e £f\ j = 1,2, ...} 

satisfy the condition 

2n N{k) 

XI 51 / d^i p{n, pk{n))\<l)jk{tJ')\^ <oo. (5.5) 
For t e (fm,tm+i),m = 0, ...,M — 1, we define 

2n 

F,(x, i) = 5Z X uj{fijk{t), e")(/.jfc(Mife(i)) ^^(x; Mjfe(i), e") 

k=ljGJk{t),l<j<q 

and obtain 

2n 

||Fg,(.,t)-Fg.(,i)||2,(jg_^jj =^ J2 w{fijk{t),e'')\cj>jk{f^jk{t))f- 

k=lieJk(t), q'<j<q" 

Similar to (5.4) we find 

-Fq"\\l^Q)=Yl J dtip{tl,Pk{lA)\<l>jk{l^)?- 

k=lq'<j<q" (k) 

It follows from (5.5) that {Fq}'^^ is a Cauchy sequence in the space H^ni^) 
and hence there exists the function 

F{x,t) = lim Fq{x,t) G L^{Q). 
Its inverse Gel'fand transform / = Q~^F has the form 

f(x + 7rr) = — / dte'''*F{x,t) = — [ dt e'''* lim Fg(x,t) 

ZTT J 277 J g->cxD 



2n M-1 

= ^lim^^ / rft X] p{fijk{t),e'*)(l)jk{fijk{t)) E{x+nr;fijk{t),e'*) 

2« Ar(fc) 

= X!X] / dpp{ii,pk{p))(l>jk{l^) E{x + TTr]n,pk{p)). 

j 
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Thus for every <I> G 'H'^ni^) there exists a function / £ L^(R) such that repre- 
sentation (1.16) is vaUd. To complete the proof of Theorem 1.3 let us show that 
in this representation 

^(M,Pfc(M);/) = 0fc(M), AiGcrfc(L), fc = l,....,2n. 
It is sufficient to prove the above relation for an arbitrary step-like function 



= {Mf^mll, Mil) 



otherwise 



where cr is a closed segment in the interior of a fixed band V^, ' such that the 
corresponding interval does not contain points of the exceptional set T{V) 
and hence the function w{iJ,j'k'{t),e^*) is continuous in it. 

First we note that the function /o- e i^(M) defined by (1.16) with $ = 
has the form 

fa{x)= j diJLp{ii,pk'{n)) E{x;iJi,pk'{lj)) (5.6) 

(7 

= ^ j dtw{iij'k'{t),e'*) E{x;i^j'k'{t),e'^) (5.7) 

where s^f ^ C 5jf ^ is the pre-imagc of cr C ^ with respect to the function 

Furthermore, for every integer k, 1 < k < 2n, and real number n £ (Jk{L) \ 
£k{L) there exist the unique integer j, 1 < j < N{k), and real number r e 
int Sj'^^ such that fi = iXjkir). Therefore according to (1.15) we obtain 

'^ifJ', Pkip); fa) = j dy E{y;ii,pk{lj))fa{y) 

R 

= / dy E{y + 1^^,11, pk{ij))fa{y + Trr) 

r=-N''^ 

lim / dt5N{t-T)w{nj>k'{t),e'*) f dy E{y; p.jkiT),e-''')E{y- Hj,k'{t),e'*) 
J Jo 



where 

JV 



^-(*) = ^ E 



r=-N 

is the Dirichlet kernel. For p not being an end-point of ^ we find 

^p,Pk{p);U) 



22 



= xAf^jkir)) w{fij>k'{T), e") [ dy E{y; fi^kir), e E{y; Mj'fe'(r), e'^) 

Jo 

where XcrW is the indicator function of the set a. 

li k ^ k' and Hjkir) = i-ij'k'ir) = ^, then pk{p-) = Pk'ifJ-) contrary to 

the restriction fi ^ SkiL) imposed on p. It means that fij'k'{T) ^ ^^jk{T) for 
every k ^ k' and the eigen-functions E{y; /Xjfe(T), e'"^) and E{y; fij/k' (r), e'"^) are 
orthogonal for all natural numbers j and yielding 

^H, Pkifi); U) = 0, ky^k', fc = l,...,2n. 

For k = k' we use the orthogonality of E{y; iJ,jk{T),e") and E{y; iJ,jik{T),e'^'^) 
for j ^ j' and (4.2) and obtain ^{fi, pkifJ,); U) = hk' XaifJ-), M e (fK 
Therefore {^{l^, PkifJ-), fa)}^i = ^o- which completes the proof of Theorem 
1.3. 



6 Spectral matrix and uniqueness theorem 

Let ^A (/Lt) be a non-negative Hermitian 2n x 2n-matrix- valued function defined 
on the spectrum a{L). Denote by L|„(A4) the space of complex 2n-vector 
functions F = with the scalar product 

{F,G)= J d,x{M{p)F{p),G{lA)- 

a{L) 

According to a general definition (cf., [5]), M.{ijl) is called a spectral matrix 
of L if the relations 



and 



with 



Pq{lJ')= I dx f{x)uq{p,x), g = l,...,2n, (6.1) 



f{x)= j df,{M{p,)F{f,),Y{x,f,)) (6.2) 



Y{x,p) = C0\{ui{x,fl),...,U2n{x,f-L)} 

define a one-to-one mapping of the space L^(M) onto the space -L|„(A^) and 
its inverse, respectively, conjugating operators L and /i/, with integrals in (6.1) 
and (6.2) converging in the norms of the corresponding spaces. As a result, the 
Parseval identity 

J dx\f{x)f= J dii{M{iJi)F{ij),F{ij)) (6.3) 

M a{L) 

holds. 



23 



Theorem 6.1. The spectral matrix A4{fi) of operator L has the form 

2n 

^ilJ')=Yl Xk{lJ)M{ii,pk{lj)), A4(m,p) =p(M,p)lbg(M,p)v(M,P"^)llg"q'=i 
fe=i 

(6.4) 

where the function p{n,p) is defined by (1.10) and the numbers Vq{iJ,,p), q = 
1, ...,2n are uniquely defined by the representation 

2n 

E{x;n,p) = ^ Vq{n,p) Ug{x,p). 

q=l 

If two operators of the form (1.3) have the same spectral matrix M., then their 
coefficients coincide. 

Proof. Let f{x) be an arbitrary function from the space L^(IR) and let Fq^ji) 
be defined by (6.1). Then (1.15) reads 

2n 

$(/i, Pk{^l)\ f) = Yl MfJ" {Pk{lj))~^) Fqilj) 
9=1 

and Theorem 1.3 states that the representation (6.2) and identity (6.3) hold for 
functions from the space L^(IR.). 

On the other hand, let F = {Fg(/x)}^"^ be an arbitrary element of the space 
LUM). Then 

J d/i{M{iJ,)F{,,),F{n)) <<x> 

and if 

2n 

4>k{P') = Vq{ll,{pk{p,))~^) Fq{p) 

9=1 

then the vector <1) = {4'k{^J)}'k^l belongs to the space 'H|„(L). We again use 
Theorem 1.3 and find that the function f{x) defined by (1.16) belongs to the 
space L?{K) and the representation itself coincides with (6.2). As we have just 
seen, the function f{x) is representable also by (6.2) with 

Fq{lA = j dx f(x)uq{n,x), g = l,...,2n. 

R 

The Parseval identity (6.3) implies F = F which proves that the mapping (6.1) 
is from the space L^(IR) onto the space L^niM.) and that M.{ijl) is the spectral 
matrix of L. 

To prove the second part of Theorem 6.1 we assume that the characteristic 

polynomial A(/i, p) and the spectral matrix A^(/i) are known. It is easy to see 
that if A(/i, p) = 0,p(p, p) ^ oo, and if, for a fixed q', the vector 

=P(M,P)v(M'/'~^)K(M,P)}g=i • 



24 



docs not vanish then it is an eigen- vector of the monodromy matrix J7(/i) corre- 
sponding to its eigenvalue p. Now we note that the vector-function V{iJt^p{p)) 
is the q'-t\i Hne of the matrix M{p,, p{n)) and hence it is also known. 

Since vi{p,, p) = E{0;p,p), wc find that V{ji. p{ji)) is a non-trivial mcro- 
morphic vector-function on the surface 72.(L) and hence its zeros and poles are 
projected on a discrete set Zv{L) of the complex plane accumulating at the 
point in infinity. 

Assume now G Tl{L) to be such a point that p, ^ Z{L) U Zv{L) 

where Z{L) is a discriminant set of A(p,p). Then 

• The eigenvalues pi{p),..., p2n (m) of the monodromy matrix U {p) are pair- 
wise distinct; 

• The vectors V{p, pi{p)), ...,V{p, p2n{^i)) are well-defined, do not vanish 

and hence form a linear independent system in the space M^"; 

• The 2n x 2n matrix C{p,p{p)) whose columns are vectors from the above 
system does not degenerate; 

• The identity 

U{p) = C{p,p{p)) diag{pi(/i),...,p2n(M) M ^ Z{L)UZv{L), 

holds. 

The factors in the above product arc neither single-valued no analytic in 
C: every rotation of a point p around the projection of a ramification point 
results in a permutation of columns and at every point from the set Zv{L) 
the matrix C{p, p{p))~^ may have a pole. Nevertheless, the product is single- 
valued in €.\{Z[L)lJZv{L)) and coincides with the entire matrix-function U{p) 
outside the set of all its singular points. Hence all these points are removable 
singularities of the product which means that the spectral matrix M. (p) permits 
us to reconstruct completely the monodromy matrix. According to a uniqueness 
theorem proved by Leibenzon [8] the latter uniquely determines all coefficients 
of operator (1.3) which completes the proof of Theorem 6.1. 

It follows from Theorem 6.1 that the spectral matrix M.{p) determines the 
coefficients of operator (1.3) uniquely. For Hill's operators (1.1) on the entire 
real axis this statement is well-known and is a version of the uniqueness theorem 
proved by Marchenko [15] for Sturm-Liouville operators on a semi-axis and 
extended by Rofe-Beketov [16] to such operators on the entire real axis. 
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